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Abstract

This work seeks to examine whether there is a natural way for the formalism of special relativity
to embrace massless objects which move at the speed of light, by asking if the spacetime coordinates of
such objects can be transformed from one inertial reference frame to another.  The result of using matter
waves as the embodiment of wave-particle duality in an attempt to include only the guiding principle of
quantum mechanics in the derivation of the Lorentz transformation equations is presented.  This allows one
to incorporate the comoving velocity of an object into the transformation equations in a natural way.  We
call the resulting transformation equations the general forms of the Einstein-Lorentz transformations
(GLT).  The general forms of the Einstein-Lorentz transformations (GLT) are found to reduce to the usual
forms of the Lorentz transformation equations in our spacetime, revealing that the velocity of an arbitrary
object in our spacetime is equal to c, the speed of light.  We find as a result of the general reformulation
that mass is an apparent quantity, i.e., one that is represented by an indeterminate mathematical expression.
A method for dealing with such indeterminate quantities will be presented in a subsequent work.
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1.0 Preliminaries

 There is a problem with interpreting special relativity if the photon has a non-zero rest mass. This
is according to conventional wisdom in physics today.  Indeed, the logical structure of Special Relativity
leads unfailingly to the conclusion that not only is the rest mass of the photon equal to zero, but the rest
mass of an arbitrary object is zero as well.  This requires further clarification (V. Krasnoholovets, personal
communication).  The primary focus of this work is to explore whether there is a natural way for the
formalism of special relativity to embrace massless objects which move at the speed of light. Or, in other
words, can the spacetime coordinates of such objects be transformed from one inertial reference frame to
another?

The relativistic transformation of space and time coordinates is embodied in the Lorentz
transformation equations.  These equations were put into their current form around the beginning of the 20th

century, before the advent of quantum mechanics.

 In our current era it is impossible to ignore the importance of quantum mechanics, primarily due
to its impact on technological developments in the fields of electronics and optics.  From a theoretical
standpoint it has not been possible to find a completely satisfactory theory which unites special (or general)
relativity with quantum mechanics.  This has led some distinguished physicists to question the validity of
the formal structure of quantum mechanics as a theory.

Seeking to retain only the fundamental guiding principle of quantum mechanics in order to avoid
possible flaws in its formal mathematical structure, we will make use here only of the concept of wave-
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particle duality.  In particular, we will make use of the concept of a matter wave, as formulated by Louis de
Broglie.  Using this idea, we will present the results of a rederivation of the Lorentz transformation
equations.  The goal is to recast the Lorentz transformation equations into a more general form, one in
which these equations can sensibly embody transformations of the coordinates of massless objects which
are traveling at the speed of light.

A fact which is usually not emphasized in descriptions of objects contained in inertial frames of
reference is that there are three, not one velocities which are important for a discussion of relativistic
transformations.  As always recognized, there is the relative velocity V between the observerÕs frame O and
the moving frame OÕ.  Less often recognized are the velocity u of an object in the moving frame OÕ
measured with respect to an observer in O and the velocity uÕ of an object in the moving frame OÕ
measured with respect to an observer in OÕ.  This last velocity, uÕ, may be referred to as the comoving
velocity, because a proper observer in OÕ, i.e., one who is stationary with respect to the moving object,
moves with this velocity in the frame OÕ along with the object.  When uÕ = 0, u = V, and only the objectÕs
velocity, u, needs to be considered in the relativistic transformation equations.

When Einstein checked the equations of special relativity to make sure that the postulate of the
constancy of the velocity of light was consistent with the principle of relativity, he considered an expanding
sphere of light, generated when the origins of O and OÕ are coincident.  Even after separation, observers in
both O and OÕ saw an expanding spherical wavefront, confirming that the principle of relativity was
obeyed.  However, a proper observer (uÕ=c) in OÕ moving with the expanding spherical wavefront of light,
necessarily has a relative velocity V=c with respect to an observer in O.  As a direct expression of the
postulate of the constancy of the velocity of light, u, must also be equal to c.  So Einstein in essence
checked only this special case.

Let us not underestimate what Einstein accomplished.  Nature seems to be correctly described
when one requires that u = c.  In the special case when u=c, the general Einstein-Lorentz transformation
equations which we will derive in this paper give the same results as the usual Lorentz transformation
equations.  So Einstein anticipated that the postulate of the constancy of the velocity of light remains
consistent with a more general expression of the transformation equations of special relativity, one which
is based on matter waves.

What happens when u is not c?  Answering this question will lead us to a more general form of the
Lorentz transformation equations, one which will hopefully allow us to understand the transformation of
coordinates for massless objects with are traveling at the speed of light.

1.0a  Introduction of the comoving velocity generalizes the Lorentz transformation equations.

In the one-dimensional Galilean transformation equations, there is no loss in generality from
assuming that, in a suitably chosen frame of reference, an object and a properly defined observer (i.e., one
moving with the object) are at rest.  Any motion of the object can be subsumed under the relative velocity
which the objectÕs frame of reference maintains with some other frame of reference with respect to which a
measurement is being made.  This is because velocities add in a simple way.  In the relativistic treatment,
however, velocity addition is not so simple.  The true predictive power of the Lorentz transformation
equations, as usually written, is obscured by the fact that the velocity of an object and a properly defined
observer (i.e.,  one moving with the object) are assumed to be zero:  any motion of the object is subsumed
under the relative velocity between a moving frame of reference containing the object and some stationary
frame of reference from within which a second observer perceives that object and first observer have zero
velocity in the moving frame.  This requirement is more restrictive than necessary.  It is sufficient that the
second observer perceives that the object and first observer have zero relative velocity:  a properly defined
observer in the moving frame can be comoving with an object having non-zero velocity.  Thus, in general it



3

is necessary to take explicit account of the comoving velocity when constructing the Lorentz
transformation equations, as distinct from the relative velocity between the two frames of reference.  The
most natural way of doing this involves considering an object moving with velocity u to be a matter wave
having phase velocity v, and requiring that the principle of relativity be obeyed:  i.e., requiring that the
form of the expanding matter wave be the same in two frames of reference that happened to be coincident
at time t = 0.  This procedure will allow us to arrive at more general forms of the original Lorentz
transformation equations.

1.0b  Deriving a more general form of the Lorentz transformation equations

When Einstein derived the Lorentz transformation equations in his paper, ÒOn the
Electrodynamics of Moving BodiesÓ, which appeared in Annalen der Physik in 1905, he did so by
postulating that the velocity of light c is unaffected by the relative motion between two frames of reference.
Then he imagined1 a sphere of light expanding outward from the origin of two coincident coordinate
systems at time t = 0, with one coordinate system subsequently traveling away from the other with a
relative velocity V and showed that the light wave also formed a sphere when transformed to the moving
frame of reference, thus proving the compatibility of the principle of the constancy of the velocity of light
with the principle of relativity, which he expressed by the statement that Òthe same laws of electrodynamics
and optics will be valid for all coordinated systems in which the equations of mechanics hold.2

In relativity theory, we are interested in how the description of the behavior of a material object
differs between one reference system and another due to the relative motion of the two systems.  From
quantum theory, we know that all material objects have a wavelike nature.  Let us now rederive the
transformation equations starting in a manner similar to the way in which Einstein proved the consistency
of the postulate of the constancy of the velocity of light and the principle of relativity, but by considering
an expanding matter wave instead of a photon sphere.  The postulate of the constancy of the velocity of
light is replaced by the fact that in any spacetime, the condition u v = w2 must be satisified, where w2 is a
constant that characterizes the wavefront of an objectÕs matter wave and which is proportional to the
objectÕs energy, E.  Thus, strictly speaking, we need only the principle of relativity to derive the general
transformation equations.3

1.1 Why c?

The constancy of the velocity of light has been a long standing tenet of the laws of physics, as has
the role of the velocity of light as the ultimate speed limit.  In this paper, it is shown that the importance of
c as a physical constant is determined by the particular spacetime in which we live, and the nature of the
measurements which we are able to make in that spacetime.  In particular, one finds that when the
conditions of constancy of velocity and propagation with a velocity equal to c are applied to a description
of  the wavefronts of matter waves one arrives at a correct description of events in our spacetime manifold.
However, the generalization of the usual transformation equations leads to the conclusion that while the
speed of light has the role of a limiting velocity in our spacetime, it does not place an upper limit on the
velocity of an object moving in a general spacetime manifold.

1.2 What is spacetime?

A spacetime manifold may be defined as the set of all matter wave wavefronts which are
coevolving in space and time and which originate from sources which vibrate in phase with each other.
Since energy depends on frequency, as shown by EinsteinÕs work on the photoelectric effect, and not on
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amplitude of vibration, as intuition might suggest, it is apparent that the sources which define a given
spacetime manifold have the same energy.

Let us define a quantity, w, to characterize the wavefronts of the matter waves

 vuw = (1.2-0)

in which u is the group velocity of the matter waves and v is their phase velocity.  Further, let us postulate
that the kinetic energy of each of the individual sources that together define a spacetime manifold is
proportional to the square of the velocity, w, characterizing the wavefronts which it contains.

€ 

T ∝  w2 (1.2-1)

The frequency of vibration of each source corresponds to an amount of mass which is found from the
following equality

€ 

T =  Δm c2 =  h ν (1.2-2)

from which

€ 

Δm =  
h ν
c2 (1.2-3)

Using this change in mass as the definition of a proportionality constant, one can write (1.2-1) in the form
of a new equality

! 

T =
h "  w2

c2 (1.2-4)

We can replace h in (1.2-4) by use of the following relationships

!!
"

u m vp v
  p   h === (1.2-5)

So that

€ 

T =  
v m u w2

c2 (1.2-6)

Finally, using (1.2-2) we find

! 

" m c2 =  
v m u w2

c2 (1.2-7)

Using the fact that  m0 = 0 leads to the relationship

u  v
w
c

2

4

= (1.2-8)
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Finally, using (1.2-0) we find that

u  vc2 = (our spacetime manifold) (1.2-9)

Note that equation (1.2-9) is limited to our spacetime manifold because of the use of equation (1.2-2) in the
derivation of (1.2-8).  In general one would have

! 

T = " mw2 (1.2-2a)

which leads to

u  vw2 = (general relationship) (1.2-9a)

We can find another important result.  From (1.2-7) expressed using (1.2-2a)  instead of (1.2-2) we
have

! 

" mw2 = vmu (1.2-10)

Expanding, grouping terms with m, and factoring yields

! 

m(w2 " vu) = m0w
2 (1.2-11)

From the fact that γ = m/m0 we find

€ 

γ =
w2

w2 − vu
=

1

1− u
2

w2

=
1

1− u
v

(1.2-12)

Rearranging yields

! 

w 2 1"
u
v

= 0 # u = v $ 0, or w = 0 (1.2-13)

This resolves the conflict between Brown and Martin and MacKinnon4, since the particle and phase
velocities are indeed the same except when u = 0.

 In general T is given by

! 

T = " mw2 = (m- m0)w
2 = muv- m0uv (1.2-14)

we have from (1.2-10) that

! 

" mw2 =muv (1.2-15)

Thus, one finds, consistent with (1.2-13) above that
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€ 

T = 0, (w = 0)               (1.2-16a)

! 

T = muv, (u = v " 0, m0 = 0)              (1.2-16b)

So an object traveling with respect to a frame of reference O with v  > u = V = 0  is measured in O to have
zero kinetic energy and an arbitrary rest mass, while an object traveling with respect to a frame of reference
O with V = u = v = c is measured to have kinetic energy

! 

T = mc2 (1.2-17)

but a rest mass of zero.  Thus the total relativistic energy, including the rest mass energy, is kinetic in
origin.

According to Adler5 , ÒEinstein states explicitly6 that the mass of a body is nothing else than the
energy possessed by the body as judged from a coordinate system moving with the body.Ó  From (1.2-16a)
we thus see that all bodies, within the framework of Special Relativity, have zero rest mass.  This would be
consistent with our conventional understanding of Physics if all bodies moved at the speed of light.  We
will show that within the framework of special relativity, this is indeed the case.

We will be using equations (1.2-8), (1.2-9) and (1.2-9a) throughout this paper.  The fact that w
now enters as a parameter in (1.2-9a) indicates that there exists a family of spacetime manifolds, forming a
space-time-energy continuum in which each spacetime is characterized by a particular value of w, or
equivalently, its associated energy.

1.3 The general Einstein-Lorentz Transformation Equations (GLT)

The relationship expressed in (1.2-8) above allows us to now express the coordinate
transformation equations in a more general form.  Let us now show how these equations are derived.  We
must consider a transformation between two arbitrary reference frames in the space-time-energy
continuum.

When Einstein originally derived the Lorentz transformation equations, he did so by postulating
that the velocity of light c is unaffected by the relative motion between two frames of reference.  Then he
imagined a sphere of light expanding outward from the origin of two coincident coordinate systems at time
t=0, with one coordinate system subsequently traveling away from the other with a relative velocity V.

In relativity theory, we are interested in how the description of the behavior of an event differs
between one reference system and another due to the relative motion of the two systems.  From quantum
theory, we know that all material objects have a wavelike nature.  Let us now rederive the transformation
equations in a manner similar to that used by Einstein, but by considering the expanding matter wave
wavefronts which define all of the events in a spacetime manifold, instead of a photon sphere.  The
principle of the constancy of the velocity of light is replaced by the fact that, in general, condition (1.2-9a)
must be satisfied, and specifically for our spacetime

! 

c4 =w2vu =w'2 v'u' (1.3-1)

where the quantity c4 transforms as a scalar

One can now proceed to derive the transformation equations that relate two arbitrary reference
frames in the space-time-energy continuum.  Note that the space-time-energy continuum should not itself
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be thought of as an absolute frame of reference.  The ability of two observers to have a different vantage
point of the same spacetime manifold from within the space-time-energy continuum is an indication that
there in no absolute or preferred frame of reference.  This is analogous to the existence of a spectrum of
frequency values for a photon:  each frequency value corresponds to a possible physical representation of
the same photon.  An absolute space-time-energy continuum would be consistent with the condition of
global energy conservation in a spacetime manifold.  However, Einstein showed that global energy
conservation was not a condition found to apply in his general theory of relativity.

The procedures used to obtain the transformation equations are readily available in such books as
the mechanics text by Marion7 and will not be provided here.  The results of rederiving the transformation
equations are
,

2

1
1

1

Vt
'

!

"
"

#

#
= (1.3-2)

22' ηη = (1.3-3)

33' ηη = (1.3-4)

2

1

4
 1

 tuvi
uv

iV

'
!

"
"

#

+
#

= (1.3-5)

! 

" =   V 
u v

(1.3-6)

It is convenient to express η4Õ in terms of tÕ.  To get the final expression starting from (1.3-5)
requires some algebra, but letÕs do it here to obtain the correspondence between the tÕ derived here and the
usual form of Lorentz transformation equations.

Substituting for η4Õ yields

2

1

1

 tuvi
uv

iV

 t'v'u'i
β

η

−

+
−

= (1.3-7)

Solving for tÕ yields

2

1

1

t
v'u'

u v

v'u'uv

V

t'
!

"

#

+
#

= (1.3-8)

Using (1.2-9a) we find
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2 

1

1

t
w'
w

ww'
V

t'
!

"

#

+
#

= (1.3-9)

In order to use (1.3-2) and (1.3-9) it would be nice to express them in terms of x1 rather than η1.  If
we do this for our case of one-dimensional motion we find

2

1
1

1

Vtx
'x

β−

−
=              (1.3-10)

( )

2 

1
1

2 

1

1

x
ww'

V

w'

x

1

V-w
ww'

x

t'
ββ −

−
=

−
=              (1.3-11)

If one now requires that the velocity w of the matter wave wavefronts is the same8 for all frames
of reference then

w = wÕ (1.3-12)

We can quantify, what we have meant by Òvelocity w of the matter wave wavefrontsÓ by stating the
relationship

w = wÕ= (uÕ vÕ)1/2 =(u v)1/2 (1.3-13)

which we recognize as a form of equation (1.2-9a).  As expressed earlier by equation (1.2-9) it now follows
that w = c.  This can be shown in the following way by using the Planck-Einstein equation and the de
Broglie equation

!hE = (1.3-14)

and

!
h

p = (1.3-15)

which we may rewrite as

!!

2mcE
h == (1.3-16)

and

!!
"

vmuvp
ph === (1.3-17)

We find by setting  (1.3-16) and (1.3-17) equal that
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( )
0

vucm 2

=
!

"
(1.3-18)

which leads one to conclude that

u v = c2 (1.3-19)

Then it follows from (1.3-13) that

w = c (1.3-20)

This is true only for our spacetime, because of the use of (1.3-16) instead of (1.2-2a). (Using (1.2-2a)
instead of (1.3-16), one would arrive at (1.3-14), which is thus a general relationship.  Relationships (1.3-
12) and (1.3-20) have the following effect on the transformation equations for x1Õ and tÕ expressed by
equations (1.3-10) and (1.3-11).  From (1.3-6)

c
V

=β (1.3-21)

from (1.3-10)

2

2

1
1

c
V

1

Vtx
'x

!

!
= (1.3-22)

and from (1.3-11)

2

2

12

c
V

1

x
c
V

t
t'

−

−
= (1.3-23)

Equations (1.3-21), (1.3-22), and (1.3-23) correspond identically to the usual form of the Lorentz
transformation equations.

Thus we see one important role of c:  it is the conversion factor between space and time
coordinates.  This emerges in a natural way in the derivation of (1.3-22) and (1.3-23) as embodied in the
relation x1 = w t    This leads us to a statement of condition one:

Condition One:  The fact that the speed of light c is the conversion factor between space and time
coordinates is an essential requirement for obtaining the Lorentz transformation equations from a
treatment based on the use of matter waves.

Sachs9 has pointed out that the essential role of c as the conversion factor between space and time in all
laws of Nature follows from the principle of relativity when the language of spacetime is used to express
the laws of Nature.
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We also arrive at the conclusion that within a description of spacetime based on matter waves two
additional conditions are required to arrive at a form of spacetime coordinate transformation equations that
yield a description of events which corresponds to that obtained experimentally:

Condition Two:  The velocity, w, which characterizes the matter wave wavefronts (as defined by (1.3-
13)) that define a spacetime manifold must be the same for all frames of reference: i.e.,  w' w = .

Condition Three:  The velocity, w, which characterizes the matter wave wavefronts is equal to the
speed of light:  i.e., c   w' w == .

These last two conditions for matter waves correspond to the principle of the constancy of the velocity of
light for electromagnetic radiation in a vacuum.

1.4 Form of the general Einstein-Lorentz Transformation Equations for an arbitrary spacetime
      manifold

From equation (1.3-2)

21

Vtw t
 t'w'

!"

"
= (1.4-1)

using the fact that w = wÕ  we may write

21

Vtw t
w t'

!"

"
= (1.4-2)

which leads to

( )
t

1

Vw 
w
1

t'
2!"

"
= (1.4-3)

noting that V/w = β in the general formulation we find

( )
t

1

 1
t'

2β

β

−

−
= (1.4-4)

Since
w

'x
  t' 1=

( )
w t

1

 1
'x

21
!

!

"

"
= (1.4-5)

Now, since w t = x1
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( )
121 x

1

 1
'x

β

β

−

−
= (1.4-6)

From equation (1.3-11)

( )
2 

1
1

2 

1

1

x
ww'

V

w'

x

1

V-w
ww'

x

t'
!! "

"
=

"
= (1.4-7a)

using the fact that w = wÕ we may write

( )
2 

12
1

2 

2
1

1

x
w
V

w
x

1

V-w
w
x

t'
!! "

"
=

"
= (1.4-7b)

Noting that x1/w = t, and V/w = β we find

2 

1

1

x
w

t
t'

!

!

"

"
= (1.4-7c)

Equation (1.4-3) and Equation (1.4-7c) really are two forms of the same equation, but it is instructive to set
them equal to each other and rearrange as shown below

( )
2

1

2 -1

x
w

-t
t

-1

V-w
w
1

!

!

!
= (1.4-8)

( ) 1x  -t w tV-w β= (1.4-9)

Noting that t w = x1  we find

( )β−=− 1xVtx 11 (1.4-10)

( )  tV 1xx 11 =!! " (1.4-11)

( )( )  tV 11x1 =!! " (1.4-12)

 tV x1 =! (1.4-13)

β
 tV

x1 = (1.4-14)
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If one divides (1.4-6) by (1.4-4) one recovers relationship (1.3-12)

w = wÕ (1.4-15)

An interesting feature which the reader may have noticed is that by using (1.4-4), (1.4-6) and (1.4-
14) even if one’s watch is broken it is possible for an observer in O to determine the time in O' because it
also corresponds to oneÕs spatial position in O, and even if one’s ruler is broken it is possible for an
observer in O to determine the location in space in O' because it also corresponds to the time in O.

( )
12

x
1V

 1
  t'

!

!!

"

"
= (1.4-16)

( )
t

1

V 1
'x

21
!!

!

"

"
= (1.4-17)

From an examination of (1.4-4) and (1.4-6), we can define a generalized γ, called γgen to be given
by

( )
2gen

1

 1

β

β
γ

−

−
= (1.4-18)

(The reader may find it interesting to note that Field uses this quantity, which he calls α, to write down a
Òmanifestly space-time exchange invariantÓ form of the Lorentz Transformation Equations.10)

Then

1
gen x
V

  t'
βγ

= (1.4-19)

and

 t
V 

  'x gen
1 !

"
= (1.4-20)

Noting that β is given by (1.3-6) as

u v

V
  =! (1.4-21)

equation (1.4-19) becomes

1
gen x
u v

  t'
γ

= (1.4-22)
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and equation (1.4-20) becomes

 tu v   'x gen1 != (1.4-23)

By using (1.2-9) if follows that whereas x1 = c t represents the transformation between time and space
coordinates within a given frame of reference in our spacetime manifold, the following equations represent
the transformation between the space and time coordinates of two different frames of reference in our
spacetime manifold

gen
1

 t'c 
  x
!

= (1.4-24)

 tc    'x gen1 γ= (1.4-25)

Alex Green points out in a Usenet post11 that the quantity (given in the present notation)

! 

t =
ux
c2 (1.4-26)

is the relativistic phase.  This quantity may be obtained from (1.3-23) by setting tÕ = 0.  From this quantity,
one can find an expression for x1 which can be substituted into (1.4-22) above to yield

! 

t'=
" genc

2 t

u uv
(1.4-27)

Comparison with (1.4-4) and (1.4-18) yields

! 

c2

u uv
=1 (1.4-28)

Solving for u, one finds

€ 

u = ± c (1.4-29)

where we have used the fact that

! 

u v =  c2 (1.4-30)

 in our spacetime to obtain this result, and where one should select the positive root from physical
considerations. The result (1.4-29) is specific to our spacetime because of the use of (1.3-23) and (1.4-30).
In general, if one starts with the general expression (1.4-16) one obtains

! 

u = w " 0, or u= 0 (1.4-31)

Equation (1.4-29) is an important result, because it says that an arbitrary object in our spacetime is moving
at the speed of light.  The great physicist P.A.M. Dirac anticipated this result in his well-known book on
Quantum Mechanics, stating explicitly  for the case of the electron: Òa measurement of a component of the
velocity of a free electron is certain to lead to the result +c.Ó12  Dirac illustrates how this result can arise in a
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relativistic theory by making use of the uncertainty principle.  Furthermore, he points out that there is no
contradiction with experiment because Òthe theoretical velocity in the above conclusion is the velocity at
one instant of time while observed velocities are always average velocities through appreciable time
intervals.  We shall find upon further examination of the equations of motion that the velocity is not at all
constant, but oscillates rapidly about a mean value which agrees with the observed value.Ó13

1.5 The general Einstein-Lorentz transformation equations for energy in our spacetime

The relativistic energy, T, of a particle in our spacetime may be expressed by using the following
equation14

T2 = (mc2)2 = p2c2  + m0
2 c4 (1.5-1)

For our spacetime manifold, equation (1.2-2) holds, and (1.5-1) becomes

h2ν2 = p2c2 + m0
2 c4 (1.5-2)

We can generalize this expression by using the de Broglie equation

p

h
=λ (1.5-3)

! 

h2" 2 #  
h2

$ 2  uv= m0
2w 2uv (1.5-4)

where we have also used (1.2-9) and (1.3-1).  The  dispersion relation for a matter wave is given by

nk2

v

!
" =n  (1.5-5)

In this expression, the subscript n indicates quantization, which results from the assumption that the particle
(and consequently, its associated matter wave) is contained in a universe of finite dimension, i.e., boundary
conditions apply in such a closed universe.  If both ÒendsÓ of the particleÕs matter wave are required to be
nodes, we have the boundary condition of both ends fixed, so that

... 3, 2, 1, n  ,
L

n

 

2
k

n
n ===

π
λ
π

(1.5-6)

Thus the dispersion relation may be written

nn !"
"

! n
n

 v
 
v

=#= (1.5-7)

By use of (1.5-7) equation (1.5-4) becomes

€ 

h2ν n
2 −  

h2

λn
 uν n = m0

2w 2vu (1.5-8)
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Multiplying the numerator and denominator of the second term in the above equation by λn and νn yields

! 

h2" n
2 #

h3" n
2

$n
2m" n

=m0
2w2vu (1.5-9)

where we have used (1.5-3) to replace λn in the numerator, with p replaced by m u.  One can now pull out a
factor of (h2ν2) from the left side to yield

! 

h2" n
2 1#

h
$nmv

% 

& 
' 

( 

) 
* =m0

2w2vu (1.5-10)

where we have also used (1.5-7).  Dividing both sides by the quantity in parenthesis, and taking the square
root of both sides, one finds

€ 

hν n =
m0w vu

1− h
λnmv

=
m0w

2

1− h
λnmv

(1.5-11)

where we have used (1.2-0).  Equation (1.5-11) is the correct expression for the relativistic energy of a
particle moving in an arbitrary manifold. In general, h ν does not represent the same physical quatity as
mc2, but for our spacetime as described by special relativity this identification holds. In general hν
represents the kinetic energy of an object.  In our spacetime it follows from Condition Three that (1.5-11)
becomes

! 

h" n =
m0c

2

1#
h

$nmv

(1.5-12)

For future use, it is informative to express (1.5-12) in terms of inertial mass   When we quantize
the frequency in our spacetime, what we are really saying is that

22
minmin cmcnmnhhh nn ===! """ (1.5-13)

so that

! 

mn =
m0

1"
h

#nmnv

(1.5-14)

Recalling that λn is given by (1.5-3) with p replaced by m u, yields

€ 

mn =
m0

1− u
v

(1.5-15)
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which leads to an expression which is identical to the one obtained from EinsteinÕs Special Theory of
Relativity when we use (1.4-30) and when mn is replaced by m

! 

m =
m0

1"
u2

c2

(1.5-16)

or which leads to the general expression

! 

m=
m0

1"
u2

w 2

(1.5-17)

when one uses (1.3-13) instead of (1.3-19).

It is now clear that from the conclusion that rest mass is zero, and the conditions that link u with v
(1.2-13) and w (1.4-31), and from the fact that u = c (1.4-29), along with the forms of the transformation
equation for mass (1.5-15) Ð (1.5-17), that mass is only an apparent quantity (i.e., represented by an
indeterminate mathematical expression).  Now that we have understood this from our general
transformation equations, we can begin to work out an interpretation of indeterminate quantities that will
allow us to resolve the perplexing riddle of how to reconcile the logical need for zero rest mass with
physical observations.  This process is begun in another paper.  Below we summarize the general Lorentz-
Einstein transformation equations.
 

Table 1.  General Lorentz-Einstein Transformation Equations

General form (GLT) Form for our spacetime (w  = u = v = c) (LT)

u v

V
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=
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c
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1

x
c
V

t
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−

−
=

( )
121 x

1

 1
'x

β

β

−

−
=

2

2

1
1

c
V

1

Vtx
'x

!

!
=

! 

m=
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1"
u2

w 2
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